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1. Introduction

Much more attention to mathematics, physics, engineering, chemistry and even polymeric materials and social
sciences are used fractional calculus with derivatives and integrals of arbitrary orders [1- 4]. It started from the
imagination of G.W. Leibniz and L. Euler. Later, Liouville and Abel promulgated the theory of fractional
derivatives and integrals in 1823 [5, 6]. Recently, even models of happiness and love have been developed of
fractional order and are asserted to give a better presentation than the integer-order [7, 8]. These models often
developed of fractional order, and lead to the fractional partial differential equations. Moreover, these equations
do not have analytic solutions. We refer the readers to the numerous works for solving these equations of the
achieved models that has attracted much attention in recent years.

Chen et al. have solved the fractional diffusion equations by Kansa method which belongs to the Radial basis
function (RBF) collocation method [9] and in [10] Fu and Yang have proposed Laplace transformed boundary
particle method for these equations. Sun et al. proposed finite difference method for solving variable-order time
fractional diffusion equation in [11]. In [12] Heydari et al. have provided two-dimensional legendre wavelets for
solving fractional poisson equation with dirichlet boundary conditions. The wave solutions of time-fractional
generalized seventh order the Korteweg-de Vries (KdV) equation solved with two-dimensional Legendre
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wavelet method by Saha et al. in [13]. Also, Saha Ray has based a time-fractional fifth-order Sawada-Kotera
(SK) equation on the Chebyshev wavelet expansion in [14].
Nowadays, the ways for solving the partial equation of fractional order are that the unknown can be expanded

by a linear combination of the orthogonal basis functions including block puls functions, Legendre, Chebyshev,
and Laguerre polynomials also orthogonal wavelets such as Haar, Cas, Legendre, Chebyshev wavelets. In this
research, we have applied the second kind of the Chebyshev wavelet for the two class of fractional partial
differential equations as

%u(x,t) aﬁu(x,t) _
e T o —9(xt), 0<aB<1 and a,BER,

ey
u(0,t) =u(x,0) =0,
and
a B
2 gf;y) +2 ;;’;’y) = f(x,y), 1<a,f <2 and a,f €R,
u(x,0) = f1(x),u(0,y) = g.(»v), boundaryconditions, @)
u(x, 1) = f(x0),u(l,y) = g2(y), (%) €[0,1] x[0,1].
0%u(x,y) aPu(x,y) . .
where pyw and 3.F  are fractional derivatives of Caputo sense, g(x,t) and f(x,y) are the known

continuous functions, u(x, t) and v(x, y) are the unknown functions.

Several methods are used to solve the fractional partial equation such as the Laplace transform [18], the block
pulse operational matrix [19], the Hermite wavelets [20] and an implicit fully discrete local discontinuous
Galerkin method [21]. We focuse of using the second kind of Chebyshev wavelet on collocation spectral method
and we investigate convergence analysis too. The main advantage of the Chebyshev wavelet is the reduction of
the collocation method to a system of linear or nonlinear algebraic, resulting in speeding up the computation of
the performance. Other important advantages are the use of wavelet that wavelets possess the ability to detect
singularities, the exact representation of polynomials to a certain degree and compact support.

This paper is partitioned into the following sections: the second section introduces preparations and notations
of the two-dimensional fractional derivatives. The two-dimensional Chebyshev wavelets of the second kind and
their properties are explained in the next section. In the fourth section, we summarized the collocation method
for solving the fractional partial differential equation involving Caputo derivatives. The convergence analysis
and the upper error bound are presented in the fifth section. The accuracy of the approach is shown by solving
four numerical examples in the residue of this paper.

2 Preliminaries and Notations of Fractional Derivatives

To complete the explanations, we recollect the concept of a fractional derivative, which can be found in [22,
5]. Three definitions of fractional derivatives are widely used. The GrAlYinwald-Letnikov derivative, the
Riemann-Liouville derivative and the Caputo derivative are in general non equivalence. We use the Caputo
derivative because it only requires initial conditions given in terms of integer-order derivatives. We recommend
some definitions to the facts to two-dimensions fractional calculus which will be used further in this work.

The two-dimensions integral operator of the Rieman-liouville 78 of order § € R™ is given by [22, 23]
1 ox . \p-1 N
W (x, t) = {T® Jy Gx—=oFftu(r, t)dr, B ERY,
u(x, t), g =0,

some properties of the operator 78 are followed as:
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IBI%u(x, t) = 7%7Bu(x, t) = IF+%u(x, t),

B A\ = I(r+1) _ \B+r
7P (x—a) F(B+r+1)(x @)=

TBfxt) +ng(x,t) = yIBf(x, t) + n3f g(x,t), 0.1cmy,s €C,
The Rieman-liouville derivative has disutility when trying to model real occurrence. Therefore, we may
introduce a modified Rieman-liouville derivative nominated by Caputo. We proposed Caputo’s derivative of
fractional order § € R* as [24]

- h1 2288, n—1<p<neN,

§DfuCe ) =4 3)
0™u(x,t) —
axn ’ p=n
The following are some properties of the Caputo fractional derivative ng)f
1. IPDAu(x, t) = u(x, t) — ¥ 161;(;,( t)’;', n—1<pB<neN,
an u(x t) " tu(xt) ™ u(o)
2. llm]DBu(x t) = ' llm ]D)Bg(t) =51 pyrmcp
B _ r(1+a) a-p _
DP x = Tarept 0<ﬁ<a+1,[?> 1,

DE(yf(x,t) + ng(x,t)) = yDFf(x, t) + nDFg(x, 1),
DD g(x,t) = DF*"g(x,t) # D"DPg(x,t),
DA(c) = 0, cisconstant.

o ks W

3 The second kind of two-dimensional Chebyshev wavelets

The mother wavelet Y(x) comprises a classification of functions produced from dilation and translation of
single function [25].

You (@ = a7 (5Y), abeRaxo, @
where the parameters a and b are defined as a = a3, b = nbyay 3,09 > 1,0y > 0 and denominate dilation and
translation parameter respectively. So, we structure a wavelet basis for L, (R) which has the following family of
discrete wavelets

Ipn,‘m(x) = |a0|51[)(a0“x - mbO)t nme Zr (5)
If ay = 2 and by = 1, then ¥, ,,,(x) creates an orthonormal basis. The Chebyshev polynomials of the second
kind ¥, ,,(x) = P (f, %, m, x) have four bulding, i =2n—1,n=12,..., 2171 % is any positive integer, m =
0,1,2,..., M — 1, is the order for the Chebyshev polynomial. They are described on the interval [0,1) as

’2“‘1 n—1 n
Ipn,m(x) — m(Z X — n), F <x< F, (6)

0, otherwise,
Here U, (x) are the second kind of Chebyshev polynomials of degree m which are orthonormal with respect to
the weight function B, ;(x) = W(2'x — #) on the interval [—1,1] where W(x) = V1 — x2. We can introduce

the set of two-dimensional Chebyshev wavelets which forms an orthogonal basis of L,(R X R). The two-
dimensional Chebyshev wavelets of the second kind are emblazoned as

i ~ i ~ mn 1 n
Auml(z tx — nl)umz(z 2x — 112), 2f11 1= =x< 2f11 1’
— 1
Y, g gy (6 £) = o S<t<at, ™
0, otherwise,
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where A = §V2f1+f2, ny, 1y, 5 and f, are defined similarly to n and T respectively. The order for two-

dimensions Chebyshev wavelets of the second kind are m, and m; and Y, 1, n,m, (%, t) construct a basis for
L,([0,1] x [0,1]). The second kind of two-dimensions Chebyshev wavelets are orthogonal with respect to the
weight function w (x, t) = W, ¢, (x) X W, 1, (¢) on the interval [0,1] x [0,1].

(lp“pml'nz'mz (x’ t)’ lpil'h'iz’iz (X, t))]LZ ([0,1]1x[0,1]), 0 (x,t)

1 r1
= f f w (‘x’ t)lpnl,ml,nz,mz (x’ t)lpil,il,iz,iz (‘x’ t) d‘xdt = 6T11,i1 6m1,jl 6ﬂ2,i2 6m2,1'2 4
0 J0

where 6, ; and 6,,,; are Kronecker delta . A function u(x, t) € LL,([0,1] X [0,1]) may be expanded by the second
kind of two-dimensions Chebyshev wavelets as

[o 9] [o 9] [o0] [o0]
UEO =D D 3 P, 60 = g (00, )

n1=1 my=0 ny=1 my=0
where ¢, nom, = (u(x, £ Wy g mgprmy, (6 t))le([o,ﬂ><[0,1]).w(x,t)' If the infinite series in Eq. (8) is truncated,

then it can be written as
202-1 My -1 2t1-1 M,—-1

UEO DD P, (68 = 1060 = ¥TEEPO, (9)

n1=1 my=0 ny=1 my=0
where dimensions W(x),W(t) and € are 2171 x (M; —1),2271 x (M, — 1) and 21719, x 2L719R,
matrics respectively given by
P(x) = [lplo(x)r'"llpliml—ltlp(x)ZOI'"rlp(x)Zﬁlﬁl—l"'"lp(x)zfl‘lo""'lp(x)zfl‘liml—l]Tt
() = [lplo(t)z---11/)151312—1'1/)(15)20'---:lp(t)zimz—p---'lp(t)zfz—loz---rll)(t)zfz—lmzz_l]T-

Two common methods for determining the coefficients ¢, i, n,m, are through the use of the inner product as

(10)

in Galerkin’s method and through the use of collocation which is related to interpolation. In this article, we use
p—-1 q-1

the collocation method. This collection points corresponds x;, = Zitm, 1 ot -1

1,2,...,9 =271 and g = 1,2,..., 9, = 227190,
4 Explanation of The Chebyshev Wavelet Collocation Scheme

and t, = for p =

In this section, we meant to apply the second kind of Chebyshev wavelet method for the numerical solution of
fractional partial differential equations (1) and (2). To solve these problems we approximate u(x,t) =
PT(x)CWP(t), where € = [¢; jlfix 1S an unknown matrix and W(.) is the vector that is defined in Eq. (10). By
fractional derivative definition of order @ and 8 of Eq. (3) with respect to x and t respectively whenn — 1 <
a, <n €N, we obtain

%u(x,t) 1 x rea MPTOCP()

ox« T T(n—a) fo =0 1 otn de = Jru(xn), a1
Fut)y 1 t g OMPTOC®(D) |

ata ~F(n—ﬁ)fo (e =i P de = Jp ulx, 0)-

We can also apply the approximated method for the boundary and initial conditions in (1) as
u(0,t) =~ PT(0)CW (1),
{u(x, 0) = PT(x)C¥(0),
respectively, and the boundary conditions in (2) as

(12)
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u(x,0) = fi(x) = ¥ (0)CW(0), u(0,y) = g1(y) = ¥T(0)CP(y),
u(x, 1) = () * PT)CP(1), u(ly) =g, = ¥ (HEP(). (13)

Applying Egs. (11) and (12) in (1) and substituting the collocation nodes x,, and t, forp = 1,2,...,9t; and
q=12,...,9,, we get Jt; X I, equations in Jt; X I, unknown coefficients. The linear system (13) can be
written as
{j,@‘u(xp,tq) + ﬁfu(xp,tq) =g(pty), 0<a,B<1 and a,BER, (14)

T (0)CW(t,) = P (x,)CW(0) =0, initialconditions.

Also, applying Egs. (11) and (13) in (2) and substituting the collocation nodes x,, = m and Vg = 9L for

-1

p=12,...,% andq = 1,2,...,N,, we get the linear system AX = B, where

Ay B,

_ |72 _|B2
A= As , B= B, ,
‘ﬁl‘ﬁzxml‘ﬁz 9’zlg’i2><1

Al = [Ai,j]lxmlmzlﬂ-%,j = quq(o)l'pqp()/j)' A3 = [Ai,j]lxmlmzlli,j = quq(l)lpqp()/j)'
Ay =[V7 Yy Y3](m1m2—2)x(m1m2—2):

Y: = [l mm-nxts Vis = Ppg(x)¥gp(0), Yz = [P 1] mp-2)x1s Vit = Wpq (1) ¥gp(1),

Y, = Wil my-2)x@Ry-2),  Vij = TEv (X1, Y5) +jﬁv(xir3’j)

B, = [b111]1><1' b11 = 91()’]) B; = [b1 1l1x1s b11 = 92(3’1)

B} = [b e, mp-2)x1s BFj = Ppqg(x)¥qp(0) + f (x5, ¥)) + Wpq(x)Wep (D), i,j =2,3,..., 9 N2 — 1.

5 The error approximation
In this section, the convergence analysis of the two-dimensional Chebyshev wavelet of the second kind is
explored for the fractional partial differential equations. Firstly, we express the following theorem.

Theorem 1 (See [25]). Suppose f(x) defined on [0,1) with bounded second derivative |f' (x)| < C. Then It
can be expanded as an infinite sum of chebyshev wavelets and the series converges uniformaly to f(x), that is

1) = Z Z oo, (15)

n=1 m=

where ¢, = ( f(x), lpmn(x))QBTIf @ and C is constant.

Theorem 2 Suppose a continuous function u(x,y) € L, (R X R) defined on [0,1) X [0,1) with bounded second
tu(x,y)

mixed fourth partial derivative | oxioy) | <M j, then the two-dimensional Chebyashev wavelet of the second
kind approximation of u(x,y) converges to it and also
M
|cn1'm1'“2'm2| = 3’ (16)

my3my3 (nan)Z(nan)Z
where M ; is constant and M = Max{]\/[j_j},l =1,234,j =1,2.

Proof. The two-dimensional Chebyshev wavelet coefficients ¢, m, n,m, = tam Of continuous function u(x, y)
relative to the weight function w(x, y) are obtained
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1 1
- f f w(x.yml,ml,nz,mz(x,;v)u(x,wdxdy,

f f Aw(Zflx — iy, ¥) Uy, (20 — iy Uy, (252 — #y Ju(x, y)dxdy, (17)
2f1— 1
Now by the definition of the weight function w(x,y), the basis function Yy, 1, n, m, (X, ¥) change of variables

2hixy — i, = t, we get

t + iy
tn, f f 2f o —t V) Ui, (O, (Zfzy nz)u( ,y)dtdy,
- (18)
f ~ t+ 1 t+ nl
= ﬁ ﬁnnz,fz Oy, 22y — 7i) msnl_fl (iU, QU7 ¥)dtdy,
Now, we can substltute u, (t)dt = dImlH(t) where T, (t) is the Chebyshev polynomials of the first

kind and 2, ¢ (t+n1) =W() =Vl - t2 where IB(t) is weight function of the second kind of Chebyahev

2h1
wavelet, then

i, )
V)T +1(O]=1)

(8 1, ()i, (22 = ) (O

am =+ 1) x 2k
A 1 : ot t+ fiy
DT |, B0, @y - [ @ou(Gty)  a9)
t+ 1
1 au’( 2{1 1 ly
o BO —5 Tmpn(O)dtdy.

The first sentence of the above equation is zero because W(1) = W(—1) = 0. Now, we apply T, 41 (Ddt =
ﬁ ((t? — 1Ddy,, (O + tU,, (H)dt) and after simplifying, we have
1

—+1)2f ﬂanfz(y)umz(Zny nz)(f tﬂB(t)u( Zf ,y)duml(t)

fm 2% (my
+f_1tms (t)u( o ,y) uml(t)dt—ﬁf_lﬂB (O—23—=du,,®  @0)
t+ 1
1 (! U= )
b | O—5— U, ©d)dy

So simplifying the above equation and using equality (18), we get

_f 1 1 6u(t+ﬁ1
_ AXx2™ m A (2% N 3 m 20 Y ¥ p
Crm =15y + 12, 1,8, (V) Uiy, ( y—nz)[ﬁ —1t (t)T m, (Ddt
t+ 1
1 1 5 62u( zfll,y
_ﬁ _1% (t)Tuml(t)dt]dy

Similarly, performing the same procedure for the integral to variable y we obtain
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3Ax272117202 1 1
Cnm - (1+(m1+1)2)(1+(m2+1)2) f f—l t%(t)uml (t)ZSIB(Z)umZ (Z)
92y (t+f111 z+fn2) 1 1 93 (t+f111 Z+f112
—2 g — [T [T RO, OB U, (Z)#dzdt]

Ax2-301-212

1 1
- (1+(m1+1)2)(1+(m2+1)2) [3 f—l f—l %3 (t)uml (t)Z%(Z)u‘mz (Z)

a3u(t+fﬁ1'z+fﬁ2) 1 1 1 5 s 4u(t+fﬁl'z-|-fﬁ2)
1 2 1 2
TR e — [ [ B (O, (OB (DU, (2) 222 drd]

t+iiq Z4ii
Zu( 1 2

Let u(t,z) be a function defined on [0,1] X [0,1] and W(x) <1 , max|#|SMm ,

otoz
t+itq z+it t+ilq z+it t+ilq z+it
PG | < PR g d TUCRED | h
max|——o = | S My, max|——55 | S My, an max| —3 == < Mz,  where

M1, My 5, M, 1, M, , are a positive constant and by setting QB(Z) <1, we have
3 1 1
|Cny gy | < U[OM g — o5 My 2 — 57 Mz 1t 2f1+f2 Mol [, U, ©Odt [Z, Uy, (2)|dz,
2'73(f1+f2)+1

1 s , 2 .
where A = T DD AT Because [ |Upy,(x)|dx = | |sm(m + 1)9|d9 < — so we achieve

49 3
|cn1,m1 1y, m2| < D (1) [OM; 1 — ZTZML 7t Mz 1t 2f1+f2 5 M>2]-
. f-—l 1
Using n; < 27 Z—f]_ ,]—12 we get
1 OM; 1 3M; 3M; 1 M,
|Cn1.m1,nz,mz | = My 3my3 3 3 5 5 3 + E]
(mimz)2 2(n1)2(nz)2 2(ng)2(nz)2 (ngny)2
[9M1 1 +M3 5] M
< 3 3 < 3 3-

my3my3(nynp)2(nyn)2  my3my3(nyny)2(nyny)2
This means that the series (8) is absolutely convergence and the theorem 1 results in the expansion of the
u(x,y) converges uniformly.

6. Numerical examples

We demonstrate the proposed method in the previous section to show the efficiency and to obtain the
numerical solution nonhomogeneous or homogeneous partial differential equations. We solve two examples
from [12] and two examples from [19] and all the calculations are accomplished using the Mathematica
software. To compare exact and numerical solutions of the reported method, we choose the maximum error
lu(xp,yq) —U(xp,yg)ll2 _

||u(Xp,3/q)||2 .,ml,q = 1,2,...,9}2.
Example 1 The fractional Poisson equation (2) approximated with the homogeneous boundary conditions and
2

flx,y) =3x3y(y — 1)/1"(%) + 4\/;x(x —1)/NJm. The exact solution of this problem is u(x,y) = xy(x —
Dy —1),(x,y) €[0,1] X [0,1]. Table 1 indicates the relative error and maximum absolute error (MAE) or L,
of all collocation points by applying different values of my = m, =5, scale degree of ;, =1, = 1 and the

Lo = max|u(xy,yq) — U(xp, Yq)| and relative error

values of fractional order a = g, L= % Also, the current method compares with absolute error in paper [12].
Example 2 The fractional Poisson equation (2) approximated with the homogeneous boundary conditions and

3 5
f(x,y) = 8x2y3(—5y + 5 + 8xy — 8x)/5vm + 27y3x3(—2x + 2 + 3xy — 3y)/101“(§). The exact solution of

this problem is u(x,y) = x3y3(1 — x)(1 — y), (x,y) € [0,1] X [0,1]. Table 1 indicates the relative error and
maximum absolute error (MAE) or L, of all collocation points by applying different values of my = m, =5,

scale degree of 1, = t, = 1 and the values of fractional order @ = %, L= %. Also, the current method compares

299



JZS-A Volume 22, Issue 2, December 2020

with absolute error in paper [12]. The graphs of numerical method are shown in Figure 0 formy =m, =
5% =%, = 2 (left side) and my = m, =5, = 2,%, = 1 (right side).

Example 3 The fractional partial differential equation (1) approximated with the initial conditions u(0,t) =

3 3
4x4t+xt4

u(x,0) =0and g(x,t) = e
4

. The exact solution of this problem is u(x,t) = xt, (x,y) € [0,1] x [0,1].

Table 2 indicates the relative error and maximum absolute error (MAE) or Ly of all collocation points by
applying different values of my,m,, scale degree of ¥,,%, and the values of fractional order a = § = i. The
abbreviation DP and TP of Table 2 and Table 3 are dilation and translation parameter respectively. Also, the
current method compares with absolute error in paper [19].

Example 4 The fractional partial differential equation (1) approximated with the initial conditions u(0,t) =

5 3
243 542
u(x,0) =0and g(x,t) = % + %. The exact solution of this problem is u(x,t) = x?t2, (x,y) € [0,2) x
3 2
[0,2). Table 3 indicates the relative error and maximum absolute error (MAE) or Lo, of all collocation points by
applying different values of my, m,, scale degree of ¥1,%, and the values of fractional order a = é, B = % Also,

Table 4 indicates the numerical approximate and maximum absolute error (MAE) of all collocation points by
applying different values scale degree and ny = ny, = 16. The current method compares with absolute error
with paper [19] in Table 4. The graphs of numerical method are shown in Figure I formy =m, =2, =
2,t, =1 (left side) and ¥, = ¥, = 2 (right side).

Table 1: Approximate errors for some different points for Examples 1 and 2, form; =m, =5, =%, = 1.

22cm(xp, yq) ExlI Ex2
Lo forExl Loinheydari Lo forEx2 L inheydari
(0.1,0.1) 1.02E — 17 2.51E — 16 7.08E — 18 6.54E — 17
(0.3,0.3) 6.94E — 18 5.52E — 17 2.05E — 17 6.68E — 17
(0.5,0.5) 1.39E — 17 7.73E — 17 6.26E — 18 3.54E — 17
(0.7,0.7) 3.47E — 18 5.53E — 17 1.56E — 17 3.50E — 17
(0.9,0.9) 492FE — 18 1.44E — 17 3.98E — 18 2.50E — 17

Figure 1: Numerical Solution for Example 4 with n; = n, = 10 (left) and n; = 10,n, = 5 (right).
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Table 2: The numerical errors of different m,, m,, f; and¥, for Example 3.

DpP TP g, 1, hy, by Relativeerror |MAE

4,4 4,4 1/4,1/4 8.47852E — 15 | 4.57967E — 15

1,1 6,6 6,6 1/6,1/6 8.81142F — 15 | 6.43929E — 15

8,8 8,8 1/8,1/8 7.02004E — 15 | 5.88418F — 15

2,2 4,4 1/4,1/4 1.72491F — 13 | 1.55875E — 13

2,2 33 6,6 1/6,1/6 1.89458F — 13 | 1.26898E — 13

4,4 8,8 1/8,1/8 5.32139E — 12 | 3.54788F — 12

2,1 6,3 12,3 1/12,1/3 7.04604E — 13 | 3.85445F — 13

31 4,4 16,4 1/16,1/4 1.17783E — 13 | 1.04249E — 13

4,1 4,4 32,4 1/32,1/4 1.46955E — 12 | 1.46833E — 12

Table 3: The numerical errors of different m,, m,, ¥, and¥, for Example 4.
DP TP my, 1, hy, hyg Relativeerror |MAE

33 33 1/3,1/3 3.29631E —2 | 1.23018E —2

4,4 4,4 1/4,1/4 3.5306F — 2 1.46436F — 2

11 55 55 1/5,1/5 3.53892E — 2 | 1.63514F —2

’ 6,6 6,6 1/6,1/6 3.419024E — 2 | 1.79463E — 2

7,7 7,7 1/7,1/7 3.46035E — 2 | 1.84352E —2

8,8 8,8 1/8,1/8 3.50882E — 2 | 1.94350F — 2

2,2 4,4 1/4,1/4 3.61879E — 2 | 1.63473E — 2

292 33 6,6 1/6,1/6 3.74160E — 2 | 1.92758E —2

’ 4,4 8,8 1/8,1/8 3.66395E — 2 1.9296E — 2

55 10,10 1/10,1/10 3.71234E — 2 | 2.04518E —2

Table 4: The numerical error of different points for m;, {;,i = 1,2 for Example 4.

3lem(xy, tq) Maximum Absolute Error
[Exact m; =m, =8 my=m, =4 m;=m, =2
solution L=1=1 [ =%=2 L =%=3
(i i) 1.52588E —5 [3.76035E —7 4.75427F —7 | 7.94960F —7
16’16
(i i) 1.23596E —3 [1.59657E —5 1.55934F — 5 |1.13359E -5
16’16
(i i) 9.53674F —3 |1.00622E — 4 1.01199E — 4 |1.83140FE — 4
16’16
77 3.66364E —2 [3.33133E — 4 3.31909E — 4 (4.39544E — 4
Gz
1616
(i i) 1.00113E —1 ([8.07738E — 4 8.48683E —4 [1.39579E — 3
16’16
11 11 2.23404E —1 |[1.62873F —3 1.69392F — 3 |2.33208E — 3
(_!_)
16°16
13 13 4.35806F —1 |[2.90607E — 3 3.01301E — 3 (4.77224E -3
Gz
16°16
15 15 7.24476E —1 |4.76018E — 3 4.91540F — 3 |6.86708E — 3
T 10

301




JZS-A Volume 22, Issue 2, December 2020

Figure 2: Numerical Solution for Example 4 withm; =m, = 2, %, = 2,f, = 1 (left) and {; = f, = 2 (right).

7. Conclusion

In this article, the collocation method of the two-dimensional Chebyshev wavelet of the second kind is used
to solving the fractional partial differential equation on [0,1] X [0,1]. The properties of the Chebyshev wavelet
basis are orthonormal and small intervals of support. They can establish a sparse coefficients matrix that these
properties simplify computing. Moreover, we investigated the convergence analysis of the collocation method. It
is proved that the approximation solution is convergence uniformly. The collocation method was shown very
convenient for solving boundary and initial value problems.
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